Abstract. The paper presents an approximate method of counting real solutions of non-proportionally damped systems with many degrees of freedom. Resolving a modal damping matrix into a diagonal matrix and a off-diagonal matrix, determining two perturbation equations respectively, we can get the approximate real solution. Two examples have given process of calculating the free vibration in the equation of the motion of the high-rise building system and the forced vibrations in a simple spring-mass system. We can also obtain the solution for the non-proportionally damped system with very big damping coefficients if the diagonal elements of normal modal damping matrix occupy a dominant position. The solution obtained by the new method is in very good agreement with the solution obtained by the numerical method.
Introduction
The solutions of the non-proportionally damped systems with many degrees of freedom can not be obtained in the real domain so for. After the canonical transformation [1] from the physical coordinate to the modal coordinate the damping matrix is not generally diagonal. When damping terms are coupling, the real modal solution can not be determined usually. In engineering the simple method is to let all off-diagonal elements of the damping matrix be zero [2] . The decoupling technique may lead to greater errors. A unified analytical basis for the measurement of damping non-proportionality through indexing is presented and the index is proposed better to clarify the characteristics of nonproportional damping [3] . A method for identifying the symmetric non-proportional modal damping matrix using undamped modal parameters obtained from ISSPA is presented [4] . The difference between proportional and general viscous damping models is investigated [5] . A method to calculate derivatives of eigenvectors of non-proportionaliy damped discrete linear dynamic system with respect to the system parameter is study [7] . The paper [8] analyzes the complex modes arising in multiple degree-of-freedom nonproportionally damped discrete linear stochastic systems. The paper [9] presents numerical methods of counting the number of eigenvalues for non-proportionally damped system in some interested regions on the complex plane.
In this paper we present a new method in which the perturbation technique [6] is used. A modal damping matrix can be resolved into a diagonal matrix and a matrix in which off-diagonal elements are not equal to zero and diagonal elements are equal to zero. Determining a free vibration equation and a forced vibration respectively, we can obtain the approximate real solution [10] [11] [12] [13] [14] [15] . Examples calculated by this method show that the accuracy is very high.
Approximate method
We consider the forced vibration of the non-proportionally damped system with many degrees of freedom
with the initial conditions
where OEM , OEK and OEC are the .n n/ mass, stiffness and non-classical damping matrices respectively. In general, they are real and symmetric, and the mass matrix is positive definite and the damping, stiffness matrix are non-negative definite. As damping is non-proportional, the damping matrix can not be written as a linear combination of the mass matrix and the stiffness matrix. ¹ R xº, ¹ P xº are the .n 1/ acceleration, velocity and displacement vectors of the response respectively, and ¹f º is external force vector, where f i D q i sin i t .i D 1; 2; : : : ; n/.
The canonical transformation from the physical coordinate to the modal coordinate is defined by the weighted
Where OEA N D OE 1 2 n , i .i D 1; : : : ; n/ is the principal mode vector.
Substituting equation (3) into equation (1) and (2), and using the orthogonal properties, we can obtain
where
The matrix OEK N is a diagonal matrix. The matrices OEA N T and OEA N 1 are the transpose, inverse matrices of the matrix OEA N respectively.
As the matrix OEC N is not diagonal in general, equation (4) is coupling and its real solution can not be obtained. In engineering, when coupling terms are very small, the matrix OEC N is truncated so that all its off-diagonal elements are zero at the moment, that is C N ij D 0; .i D 1; 2; : : : ; n; j D 1; 2; : : : ; n; i ¤ j /:
In the case of the elements of the damping matrix OEC are not very small, using the simple method may yield greater errors. If the elements of the matrix OEC are not very big or the diagonal elements of the matrix OEC N occupy a dominant position for the elements of the matrix OEC are very big, we can use the perturbation method solute equation (4) as following.
We put
: : : : : : : : :
We may write equation (4) as follows
where " is a small, dimensionless parameter. The OEC N 2 matrix must be ordered so that the damping terms of OEC N 2 can appear in the second perturbation equation.
We seek an approximate solution of equation (8) 
in the form
Substituting (9) into equation (8) and (5), and equating coefficients of like powers of ", we can obtain two perturbation equations as follows.
Order "
The solution of equation (10) can be expressed as
and D i1 , D i 2 are dependent on the initial conditions (11) . Substituting (14) into equation (12), and expanding the derivatives, one obtains
Q ij sin j t .i D 1; 2; : : : ; n/:
The solution of equation (15) can be expressed as
.i D 1; 2; : : : ; n/ where B i i1 , B i i 2 are dependent on the initial conditions (13) . Substituting (16) and (14) into (9) (Let " D 1), the solution of equation (4) can be written in the form as follows
From equation (3), the approximate solution of equation (1) in the physical coordinate is written as Consider a typical 6-story building system shown in Figure 1 , which system parameters are tabulated in Table 1 . In the analysis of dynamic response of high-rise building, the equation of motion of damped systems can be written as equation (1) . The mass, stiffness and nonproportionally damping matrices in equation (1) 
; OEC D 
Considering the free vibration of equation (1) 
and Table 2 . The coefficients of the solution (14) . Hence, after the canonical transformation for the damping matrix, matrices OEC N1 and OEC N 2 in (7) can be written as the following form 
The coefficients of the solution (14) of the first perturbation equation (10) are tabulated in Table 2 . In the case of example, the solution (16) of the second perturbation equation (12) becomes the solution (22)
e n j t B ij1 cos p j t C B ij 2 sin p j t .i D 1; 2; : : : ; n/:
The coefficients of the solution (22) are tabulated in Table 3 . In the case of the example, the solution (18) becomes (23)
e n j t g ij1 cos p j t C G ij 2 sin p j t .i D 1; 2; : : : ; n/:
In the analysis of dynamic response of high-rise building, the solution (23) obtained by the new method is the approximate solution of the equation of motion of damped systems. The coefficients of the solution (23) are tabulated in Table 4 Comparisons of the results obtained by the approximate method and the numerical method are shown in Figure 2 , where the unit of time is s and the unit of x i is cm. It shows that the approximate solutions obtained by the new method agree well with solutions obtained by the numerical method. 
Example 2
We consider a simple spring-mass system. The equation of forced motion of a non-proportional damping system with there degrees of freedom in the physical coordinate is written as 
Using the new method in the paper, we can obtain the approximate solution of equation (24) as follows
De n 1 t .0:52969 cos p 1 t 0:00555 sin p 1 t / C e n 2 t .0:43282 cos p 2 t C 0:03748 sin p 2 t / C e n 3 t .0:04106 cos p 3 t C 0:01722 sin p 3 t / 0:00357 cos t C 0:03818 sin t x 2 De n 1 t . 0:37965 cos p 1 t 0:02261 sin p 1 t / C e n 2 t .0:29025 cos p 2 t C 0:00497 sin p 2 t / C e n 3 t .0:09052 cos p 3 t C 0:03737 sin p 3 t / 0:00112 cos t C 0:00266 sin t x 3 De n 1 t .0:12095 cos p 1 t 0:01171 sin p 1 t / C e n 2 t . 0:23152 cos p 2 t 0:01213 sin p 2 t / C e n 3 t .0:10966 cos p 3 t C 0:04507 sin p 3 t / C 0:00091 cos t 0:02544 sin t:
Comparisons of the results obtained by the approximate method and the numerical method are shown in Figure 3 , where the unit of time is s and the unit of x i is cm. It shows that the approximate solutions obtained by the new method agree well with solutions obtained by the numerical method.
Conclusions
A new approximate method of counting the real solutions of non-proportionally damped systems has been presented. Two examples are given at end of this paper. In example one, we have given process of calculating the equation of the motion of the high-rise building system and expression of solutions. In example two, we directly give the approximate solutions. The obtained results by this approximate method are of very high accuracy and in very good agreements with numerical solutions obtained by the RuttageKutta method.
Using this new method, we can obtain the real solutions of non-proportionally damped systems with many degrees of freedom in general. Even for very big damping coefficients, we can obtain the solutions if the diagonal elements of normal modal damping matrix occupy a dominant position. A very simple method for non-proportionally damped system is given in this paper.
